We provide the existence of a positive solution for the quasilinear elliptic equation
Introduction
In this paper, we consider the existence of a positive solution for the following quasilinear elliptic equation:
where ⊂ R N is a bounded domain with C  boundary ∂ . Here, A : × R N → R N is a map which is strictly monotone in the second variable and satisfies certain regularity conditions (see the following assumption (A)). Equation (P) contains the corresponding p-Laplacian problem as a special case. However, in general, we do not suppose that this operator is (p -)-homogeneous in the second variable.
Throughout this paper, we assume that the map A and the nonlinear term f satisfy the following assumptions (A) and (f ), respectively.
(A) A(x, y) = a(x, |y|)y, where a(x, t) >  for all (x, t) ∈ × (, +∞), and there exist positive constants C  , C  , C  , C  ,  < t  ≤  and  < p < ∞ such that
(ii) |D y A(x, y)| ≤ C  |y| p- for every x ∈ , and y ∈ R N \ {};
(iii) D y A(x, y)ξ · ξ ≥ C  |y| p- |ξ |  for every x ∈ , y ∈ R N \ {} and ξ ∈ R N ; http://www.boundaryvalueproblems.com/content/2013/1/173 (iv) |D x A(x, y)| ≤ C  ( + |y| p- ) for every x ∈ , y ∈ R N \ {};
N and the following growth condition: there exist  < q < p, b  >  and
In this paper, we say that u ∈ W ,p  ( ) is a (weak) solution of (P) if From now on, we assume that C  ≤ p - ≤ C  , which is without any loss of generality as can be seen from assumptions (A)(ii), (iii).
In particular, for 
(admitting sign changes), but we can do our result if λ >  is large. In [], the positivity of a solution is proved by the comparison principle. However, since we are not able to do it for our operator in general, after we provide a non-negative and non-trivial solution as a limit of positive approximate solutions (in Section ), we obtain the positivity of it due to the strong maximum principle for our operator.
Statements
To state our first result, we define a positive constant A p by
which is equal to  in the case of A(x, y) = |y| p- y (i.e., the case of the p-Laplacian) because we can choose C  = C  = p -. Then, we introduce the hypothesis (f) to the function
A p such that the Lebesgue measure of {x ∈ ; m(x) > } is positive and
where f  is the continuous function in (f ) and μ  (m) is the first positive eigenvalue of the p-Laplacian with the weight function m obtained by
Theorem  Assume (f). Then equation (P) has a positive solution u ∈ int P, where
and ν denotes the outward unit normal vector on ∂ .
Next, we consider the case where A is asymptotically (p -)-homogeneous near zero in the following sense:
(AH) There exist a positive function a  ∈ C( , (, +∞)) and
Under (AH), we can replace the hypothesis (f) with the following (f): 
Theorem  Assume (AH) and (f). Then equation (P) has a positive solution u ∈ int P.
Throughout this paper, we may assume that f (x, t, ξ ) =  for every t ≤ , x ∈ and ξ ∈ R N because we consider the existence of a positive solution only. In what follows, the
. Moreover, we denote u ± := max{±u, }.
Properties of the map A

Remark  The following assertions hold under condition (A):
(i) for all x ∈ , A(x, y) is maximal monotone and strictly monotone in y;
where C  and C  are the positive constants in (A).
Then A is maximal monotone, strictly monotone and has (S) + property, that is, any sequence {u n } weakly convergent to u with lim sup n→∞ A(u n ), u n -u ≤  strongly converges to u.
Constructing approximate solutions
Choose a function ψ ∈ P \ {}. In this section, for such ψ and ε > , we consider the following elliptic equation:
In [], the case ψ ≡  in the above equation is considered.
Lemma  Suppose (f) or (f). Then there exists λ
Proof From the growth condition of f  and (), it follows that
holds, where b  is a positive constant independent of (x, t). Therefore, for
and in the case of N ≤ p, p * > p is an arbitrarily fixed constant. Let u ε be a non-negative solution of (P; ε) with  ≤ ε ≤ ε  (some ε  > ). For r > , choose a smooth increasing function η(t) such that
If u ε ∈ L r+p ( ), then by taking ξ M (u ε ) as a test function (note that η is bounded), we have
. Thus, according to Young's inequality, for every δ > , there exists C δ >  such that
where
As a result, because of r + p > r + q, r + β, according to Hölder's inequality and the monotonicity of t r with respect
provided u ε ∈ L r+p ( ) by () and (), where r =  + r/p, C * comes from the continuous embedding of W ,p  ( ) into L p * ( ) and d  is a positive constant independent of u ε , ε and r. Consequently, Moser's iteration process implies our conclusion. In fact, we define a sequence {r m } m by r  := p * -p and r m+ := p 
Therefore, by the same argument as in Theorem C in [], we can obtain u ε ∈ L ∞ ( ) and
Proof Taking -(u ε ) -as a test function in (P; ε), we have 
